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ON FINITE QUOTIENT AUBRY SET FOR GENERIC GEODESIC
FLOWS
GONZALO CONTRERAS AND JOSE´ ANTOˆNIO G. MIRANDA
Abstract. We study the structure of the Mather and Aubry sets for the family of
lagrangians given by the kinetic energy associated to a riemannian metric g on a closed
manifoldM . In this case the Euler-Lagrange flow is the geodesic flow of (M, g). We prove
that there exists a residual subset G of the set of all conformal metrics to g, such that,
if g ∈ G then the corresponding geodesic flow has a finitely many ergodic c-minimizing
measures, for each non-trivial cohomology class c ∈ H1(M,R). This implies that, for
any c ∈ H1(M,R), the quotient Aubry set for the cohomology class c has a finite number
of elements for this particular family of lagrangian systems.
1. Introduction
Let M be a closed smooth manifold endowed with a C∞-riemannian metric g on M
and let L : TM → R be the lagrangian defined as the kinetic energy corresponding to g,
i.e,
L(x, v) =
1
2
gx(v, v).
Then the Euler-Lagrange equation for this particular class of Tonelli lagrangian, that will
be called riemannian lagrangian, coincides with the equation of the geodesics on (M, g):
(1)
D
dt
γ˙(t) = 0.
Therefore the corresponding Euler-Lagrange flow φt : TM → TM is the geodesic flow of
the riemannian manifold (M, g).
In this paper, we study generic properties of c-minimizing measures for the class of
riemannian lagrangians by performing conformal perturbations of the metric g, that do
not depend of the non-trivial cohomology class c ∈ H1(M,R). Recall that a metric g˜
is conformally equivalent to g, if there exist a smooth function f : M → R, such that
g˜x(·, ·) = e
f(x)gx(·, ·) for all x ∈ M .
The concept of minimizing measures was introduced by Mather in [Mat91] for time
periodic Tonelli lagrangian (see section 2.1). In this setting, in [Man˜96], Man˜e´ proved
the existence of a residual set O(c) in C∞(M) (that depends on c ∈ H1(M,R)), such
that, u ∈ O(c) implies that the perturbed lagrangian L − u has a unique c-minimizing
measure, and he asked the question about the existence of a residual set O in C∞(M)
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such that any lagrangian L− u, with u ∈ O, has a unique c-minimizing measure for each
c ∈ H1(M,R) . In that direction, Bernard and Contreras in [BC08] obtained a residual
O ⊂ C∞(M), such that any lagrangian L−u, with u ∈ O, has at most 1+dimH1(M,R)
ergodic c-minimizing measures for every c ∈ H1(M,R).
In the case where L is a mechanical lagrangian, that is
L(x, v) =
1
2
gx(v, v)− u(x),
it follows from Carneiro’s theorem (see [Car95, Theorem 1]), that the support of a c-
minimizing measure of L is contained in the level of value k = α(c) of the energy function
EL = ∂vL · v − L. Applying the Maupertuis’ principle (see for example [Arn89, pg 247])
to the mechanical lagrangian L, we have that the restriction of the Euler-Lagrange flow
of L to the energy level E−1L (k), for
k > min{α(c) : c ∈ H1(M,R)} = α(0) = max{u(x) : x ∈M},
is a reparametrization of a new geodesic flow for a metric conformally equivalent to g, but
its corresponding conformal factor obligatorily changes when we change the energy levels
of k.
So, fixing a cohomology c ∈ H1(M,R), from the Carneiro-Maupertuis arguments ap-
plied to the family of mechanical lagrangians obtained through perturbations of L by
summing potentials in the residual subset given by Man˜e´’s theorem, it follows that we
can obtain a residual set G(c) ∈ C∞(M), such that, if f ∈ G(c) then the lagrangian
L˜(x, v) = ef(x)L(x, v) has a unique c-minimizing measure. Note that, if we want to study
a property of c-minimizing measures for a mechanical lagrangian, that is independent of
c ∈ H1(M,R), we necessarily need to consider an uncountable set of energy values. Thus,
we will not be able to obtain a residual set of metrics conformally equivalent to g using the
arguments of Carnerio-Maupertuis type on the generic family of mechanical lagrangians
given by the Bernard-Contreras’ theorem.
We will prove a analogous result of [BC08] for the class of riemannian lagrangian by
defining an appropriate setting where we are able to apply an abstract result, proved in
[BC08], and to show a separability property (see Lemma 5) for non-trivial cohomology
classes. Hence we will prove the following theorem.
Theorem 1. Let (M, g) be a closed riemannian manifold with dim(H1(M,R)) ≥ 1.
There exists a residual subset G ⊂ C∞(M), such that, if
L˜(x, v) =
1
2
ef(x) gx(v, v)
with f ∈ G, then for each non-trivial cohomology class c ∈ H1(M,R) there exist at most
1 + dimH1(M,R) ergodic c-minimizing measures for L˜.
In Mather’s studies on the dynamics of Tonelli lagrangian systems and the existence
of Arnold diffusion, he found that understanding certain aspects of the Aubry sets seems
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to help in the construction of orbits with interesting behavior. In particular, it seems
useful to know that what we call the quotient Aubry set for cohomology c, and denote
by (AL(c), δc), is a totally disconnected metric space, that is, every connected component
consists of a single point. In [Mat04], Mather showed examples of mechanical lagrangians
on TTd, with d ≥ 2 and the potential u ∈ C2d−3,1−ǫ(Td), whose a quotient Aubry set is iso-
metric to an closed interval. In [Sor08], Sorrentino proved that Mather’s counterexamples
are optimal, he proved that, for every mechanical lagrangian on a closed manifold with
a sufficiently regular potential, the quotient Aubry set corresponding to the zero coho-
mology class is totally disconnected. Analogous result had been proved independently by
Fathi, Figalli and Rifford in [FFR09]. Note that, the Bernard-Contreras’ theorem imply
that for generic lagrangian, in the Man˜e´ sense, the quotient Aubry set (AL(c), δc) has at
most a finite number of elements, for every c ∈ H1(M,R). This follows from the fact that
the elements of the quotient Aubry set, that are usually called (projected) static classes,
are disjoint subsets and support at least one ergodic minimizing measure (see [CDI97]).
The Arnold diffusion question is usually stated as perturbation with time periodic po-
tentials and looking for orbits which “visit” prescribed homology classes and whose energy
goes to infinity. But the question still holds for autonomous or riemannian lagrangians if
the diffusion is restricted to a fixed energy level. A result of Contreras-Paternain [CP02],
obtaining heteroclinics between static classes may be useful in that context. The hypoth-
esis in [CP02] is, precisely, the finitness of the quotient Aubry set.
In the case of lagrangians given by the kinetic energies of riemannian metrics on M,
it is easy to see that, for the zero cohomology class the associated (projected) Aubry set
is M and the quotient Aubry set is a single point. Mather proved in [Mat03, Prop. 2]
that, if dimM ≤ 3 and c ∈ H1(M,R) then (AL(c), δc) is totally disconnected. Then, by
Theorem 1 and the above observations, we have the following corollary.
Corollary 2. Let (M, g) be a closed Riemannian Manifold. There exists a residual subset
G ⊂ C∞(M), such that, if
L˜(x, v) =
1
2
ef(x) gx(v, v)
with f ∈ G, then, for any c ∈ H1(M,R), the quotient Aubry set (AL˜(c), δc) has a finite
number of elements.
2. Preliminary results
2.1. The Aubry-Mather theory for Tonelli lagrangian systems. Let us recall the
concepts of the Mather and Aubry sets for (autonomous) Tonelli lagrangian introduced
by J. Mather in [Mat91], [Mat93] and Man˜e´ in [Man˜95] respectivelly.
Let L : TM → R be a smooth Tonelli lagrangian defined in the tangent bundle TM
of a closed smooth riemannian manifold (M, g), i.e., L(x, v) satisfy the two conditions:
• Convexity: for each fiber TxM , the restriction L(x, ·) : TxM → R has positive
defined Hessian, and,
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• Superlinearity : lim‖v‖→∞
L(x,v)
‖v‖
=∞, uniformly in x ∈M .
The action of L over an absolutely continuous curve γ : [a, b]→ M is defined by:
AL(γ) =
∫ b
a
L(γ(t), γ˙(t)) dt.
The extremal curves for the action are given by solutions of the Euler-Lagrange equation
that in local coordinates can be written as:
(2)
∂L
∂x
−
d
dt
∂L
∂v
= 0.
Since L is convex and M is compact, the Euler-Lagrange equation defines a complete flow
φt : TM → TM , that is called lagrangian flow of L and is defined by
φt(x, v) = (γ(t), γ˙(t)),
where γ : R→M is the solution of (2) with initial conditions γ(0) = x and γ˙(0) = v.
The energy function EL : TM → R is defined as
(3) EL(x, v) :=
∂L
∂v
(x, v) · v − L(x, v)
Any non-empty energy level E−1L (k) ⊂ TM is compact and invariant by the lagrangian
flow.
We denote by B(L) the set of all Borel probability measures that are invariant by
the Euler-Lagrange flow of L. Given a closed 1-form ω on M , consider the deformed
lagrangian Lω : TM → R defined by
Lω(x, v) = L(x, v)− ωx(v).
Since dω = 0, the lagrangians Lω and L have the same Euler Lagrange flow. We say that
µ ∈ B(L) is a c-minimizing measure of L if
(4)
∫
TM
L− ω dµ = min
{∫
TM
L− ω dν : ν ∈ B(L)
}
,
where c = [ω] ∈ H1(M,R). Let ML(c) ⊂ B(L) be the set of all c-minimizing measures
(it only depends on the cohomology class c). The ergodic components of a c-minimizing
measure are also c-minimizing measures, so the set ML(c) is a simplex whose extremal
measures are ergodic c-minimizing measures. The α-function, defined as
(5) α(c) = −min
{∫
TM
L− ω dν : ν ∈ B(L)
}
,
is a convex and superlinear function α : H1(M,R) → R. For each c ∈ H1(M,R), we
define the Mather set of cohomology class c as:
M˜L(c) =
⋃
µ∈ML(c)
Supp(µ).
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We set p(M˜L(c)) = ML(c), and call it the projected Mather set, where p : TM → M
denotes the canonical projection. The celebrated graph theorem proved by Mather in
[Mat91], asserts that M˜(c) is non-empty, compact, invariant by the Euler-Lagrange flow
and p|M˜L(c) : M˜L(c) → ML(c) is a bi-Lipschitz homeomorphism. In [Car95] M. J.
Carneiro proved (in the autonomous case), that this set is contained in the energy level
E(c) := E−1L (α(c)).
Following Mather in [Mat93], for t > 0 and x, y ∈ M , define the action potential for
the lagrangian deformed by a closed 1-forma ω as:
hω(x, y, t) = inf
{∫ t
0
L(γ(s), γ˙(s))− ωγ(s)(γ˙(s)) ds
}
,
where the infimum is taken over all absolutely continuous curves γ : [0, t]→M such that
γ(0) = x and γ(t) = y. The infimum is in fact a minimum by Tonelli’s theorem.
We define the Peierls barrier for the lagrangian L−ω as the function hω : M ×M → R
given by:
hω(x, y) = lim inf
t→+∞
{hω(x, y, t) + α([ω])t} .
Define the projected Aubry set for the cohomology class c = [ω] ∈ H1(M,R) as the set
AL(c) = { x ∈M : hω(x, y) = 0 } .
By symmetrizing hω, we define the semidistance δc on AL(c):
δc(x, y) = hω(x, y) + hω(y, x).
This function δc is non-negative and satisfies the triangle inequality.
Finally, we define the quotient Aubry set of the cohomology class c = [ω] ∈ H1(M,R),
denoted by (AL(c), δc), to be the metric space obtained by identifying two points x, y ∈
AL(c) if their semidistance δc(x, y) vanishes.
2.2. Abstract Results. In order to state the abstract theorem proved by Bernard and
Contreras in [BC08, Theorem 5], we need to be given:
• three topological vector spaces E, F,G,
• a continuous linear map pi : F → G,
• a bi-linear pairing, 〈·, ·〉 : E ×G→ R.
• two metrizable convex compact subsets H ⊂ F and K ⊂ G, such that pi(H) ⊂ K.
And we suppose that:
(i) The map E ×K ∋ (u, ν) 7→ 〈u, ν〉 is continuous.
(ii) The compact K is separated by E. This means that, if µ and ν are two different
elements of K, then there exists u ∈ E such that 〈u, µ〉 6= 〈u, ν〉.
(iii) E is a Frechet space. It means that E is a topological vector space whose topology
is defined by a translation invariant metric, and that E is complete for this metric.
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So, given a linear functional L : H → R, we denote by
MH(L) :=
{
µ ∈ H : L(µ) = min
ν∈H
L(ν)
}
and by MK(L) the image pi(MH(L)). These are compact convex subsets of H and K.
In this setting Bernard and Contreras proved the following abstract result:
Theorem 3 (Th. 5 in [BC08]). For every finite dimensional affine subspace A ∈ H∗,
there exists a residual subset O(A) ⊂ E such that, for all u ∈ O(A) and all L ∈ A, we
have that
dimMK(L− u) ≤ dimA.
2.3. Holonomic measures. Let Cq be the set of continuous functions f : TM → R with
growth at most quadratic, i.e.
‖f‖q := sup
(x,v)∈TM
|f(x, v)|
1 + gx(v, v)2
<∞.
endowed with the norm defined above. Let C∗q be the dual space of Cq endowed with
the weak* topology. If u ∈ C0(M) then u is bounded and hence the function (x, v) 7→
u(x) gx(v, v) is in Cq. Therefore the function C
∗
q → R defined by
(6) µ 7−→
∫
u(x) gx(v, v) dµ
is continuous.
For each C1 curve γ : R → M periodic, with period T > 0, we define the probability
µγ on the Borel σ-algebra of TM by∫
f µγ =
1
T
∫ T
0
f(γ(t), γ˙(t))dt,
for all continuous functions f : TM → R with compact support. Let Γ be the set
of probabilities of this form. Observe that γ˙(t) is bounded and hence Γ is naturally
embedded in C∗q . Finally, the set of L
2 holonomic probabilities H2 is the closure of Γ in
C∗q .
Let L : TM → M be a Tonelli lagrangian and ω be a closed 1-form on M . It follows
from Birkhoff Theorem (cf. [Man˜96, prop. 1.1(b)]) and Carneiro’s result (cf. [Car95, cor.
1]), that ML([ω]) ⊂ H2.
Man˜e´ defines the set of L1 holonomic measures H1 in the same fashion as above but
using the norm
‖f‖ℓ := sup
(x,v)∈TM
|f(x, v)|
1 +
√
gx(v, v)
<∞.
In [Man˜96, prop. 1.2 and 1.3]) Man˜e´ proved the existence of measures µ ∈ H1 such that:∫
TM
L− ω dµ = min
{∫
TM
L− ω dν : ν ∈ H1
}
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and that these measures are invariant by the Euler-Lagrange flow. Thus they are in
ML([ω]) ⊂ H2. Therefore, the concept of c-minimizing measures can be reformulated by
taking the minimum of the action on the set of the L2 holonomic probabilities. It is
(7) ML(c) =
{
µ ∈ H2 :
∫
TM
L− ω dµ = min
ν∈H
∫
TM
L− ω dν
}
.
The important goal is that the set H2 does not depend on the lagrangian.
3. On the minimizing measures of geodesic flows
We will apply Theorem 3 in the family of lagrangians given by all kinetic energies
corresponding to all C∞-rienannian metrics on M , that are conformally equivalent to g.
We consider the sets Cq, C
∗
q and H2, as in the section 2.3, and we define the following
setting:
• E = (C∞(M), d) the metric space, where
d(u, v) = ‖u− v‖∞ =
∑
k∈N
1
2k
arctan(‖u− v‖Ck).
This metric space is complete, hence any residual subset of E is dense.
• F = C∗q the vector space of continuous linear functionals µ : Cq → R endowed with
the weak* topology. Observe that F = C∗q is the set of finite Borel signed measures
on TM such that ∫
TM
g(v, v) dµ <∞.
We have that H2 ⊂ F .
• G = (C0(M))∗ the vector space of continuous linear functions ν : C0(M) → R
endowed with the weak* topology.
• The bilinear pairing 〈·, ·〉 : E ×G→ R is defined by 〈u, ν〉 = ν(u).
• The linear map pig : F → G is given by
pig(µ) : C
0(M) −→ R
u 7−→ pig(µ)(u) =
∫
TM
u(x) gx(v, v) dµ.
Note that
|〈u, pig(µ)〉| ≤ ‖u‖C0
∫
TM
gx(v, v) dµ,
then pig(µ) is continuous and hence pig(µ) ∈ G. The argument in (6) shows that
for any u ∈ E, the function F ∋ µ 7→ 〈u, pig(µ)〉 is continuous. Therefore the map
pig is continuous in the weak* topology of G. Also the bilinearity implies that the
map (u, µ) 7→ 〈u, pig(µ)〉 is continuous.
• n ∈ N.
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• The compact Hn ⊂ H2 ⊂ F is the set of holonomic probability measures which
are supported on the compact Bn = {(x, v) ∈ TM : gx(v, v) ≤ 2n}.
• The compact Kn = pig(Hn) ⊂ G. By duality we have that Kn is separated by E.
Let L : TM → R be the riemannian lagrangian corresponding to g and let ω be a closed
1-form on M . Then L − ω defines a continuous linear functional Ac : H2 → R given by
integration, it is
ν 7→ Ac(ν) =
∫
TM
L− ω dν,
where [ω] = c ∈ H1(M,R).
Let Anc,u : Hn → R be the action defined as
Anc,u(µ) = Ac(ν) + 〈u, pig(µ)〉 =
∫
TM
(L− ω) + pi∗g(u) dµ
where pi∗g(u)(x, v) := u(x) gx(v, v). We denote by MHn(c, u) the set of measures µ ∈ Hn
which minimize the action Anc,u : Hn → R.
Let A be the affine subspace of continuous linear functionals on H2 of the kind Ac, with
c ∈ H1(M,R). By applying Theorem 3, we obtain a residual subset O(A, n) ⊂ E such
that Ac ∈ A and u ∈ O(A, n) imply that dim pig(MHn(c, u)) ≤ dimA.
We set
O(A) =
⋂
n∈N
O(A, n).
By the Baire property O(A) is residual subset of E and we have that, if Ac ∈ A, n ∈ N
and u ∈ O(A), then:
dim pig(MHn(c, u)) ≤ dimA.
Note that, if u(x) > −1/2 for all x ∈ M , then L˜(u) := L + pi∗g(u) is the lagrangian
corresponding to kinetic energy for the perturbed riemannian metric
g˜(u) := eln(1+2u)g = (1 + 2u)g.
Then, given a closed 1-form ω, the lagrangian flow of (L− ω) + pi∗g(u) = L˜(u)− ω is the
geodesic flow of the metric g˜(u).
We recall that by the Mather’s graph theorem [Mat91], the union of the supports of all
c-minimizing measures of a Tonelli lagrangian is a compact set. Therefore, by (7), there
exists m = m(g, u, c) ∈ N such that
ML˜(u)(c) = MHn(c, u), ∀n ≥ m.
We need to compare the dimension of the sets ML˜(u)(c) of minimizing measures for the
Tonelli lagrangian L˜(u)− ω (with [ω] = c) with the dimension of the sets pig(MHn(c, u)),
for Ac ∈ A and u ∈ G(A) := O(A) ∩ { u ∈ C
∞(M) : u(x) > −1/2}.
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For the zero cohomology class, it is easy to see thatML(0) contain all the Dirac measures
supported in a point of the zero section of TM , i.e δ(x,0) ∈ ML(0) for all x ∈ M . On
the other hand, for each measure δ(x,0) ∈ML(0), by the definition of the map pig, for any
u ∈ E we have
〈u, pig(δ(x,0))〉 =
∫
TM
u(x) gx(v, v) dδ(x,0) = u(x)g(0, 0) = 0.
Then pig(M(L)) = pig(MHn(0, u)) = {0} ⊂ G = C
0(M)∗.
For any non-trivial cohomology class, we prove the following two lemmas that complete
the proof of the Theorem 1.
Lemma 4. For L(x, v) = 1
2
gx(v, v) we have that α(c) > 0 if c 6= 0.
Proof. Let c 6= 0 be a non-trivial cohomology class and ω a closed 1-form with [ω] = c.
Then there exists a C1 curve γ on M such that
∮
γ
ω 6= 0. Parametrizing γ in opposite
direction if necessary, we can assume that
∮
γ
ω = −b < 0. Since γ is not a fixed point, we
have that a = AL(γ) > 0. For s > 0 define γs(t) := γ(st). Then
AL−ω(γs) = s
2AL(γ) + s
∮
γ
ω = as2 − bs < 0 for 0 < s < b
a
.
Let s = b
2a
, then from (5) we have that
α(c) ≥ −
∫
(L− ω) dµγs = −AL(γs) +
∮
γs
ω = −as2 + bs > 0.

Lemma 5. Let L be the lagrangian of a riemannian metric g. Let c ∈ H1(M,R) be a
non-trivial cohomology class. Then the linear map
pig|ML(c) : ML(c) −→ G
is injective.
Proof. We need to show that if µ 6= ν ∈ ML(c), then pig(µ) : E → R and pig(ν) : E → R
are two different linear functionals, i.e there exist an element u ∈ C∞(M) such that:
(8) 〈u, pig(µ)〉 =
∫
TM
pi∗g(u) dµ 6=
∫
TM
pi∗g(u) dν = 〈u, pig(ν)〉
Let p : TM → M be the canonical projection. Let us recall that the Mather set
M˜L(c) =
⋃
µ∈ML(c)
supp(µ)
is compact and is contained in the energy level
E(c) = E−1L (α(c)) = {(x, v) ∈ TM : gx(v, v) = 2α(c) },
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see (3) and (5). We also recall that, by the graphic property [Mat91], the restriction
p|M˜L(c) : M˜L(c)→M
is injective and its inverse (p|M˜L(c)))
−1 is Lipschitz on the projected Mather set ML(c).
Let B˜ ⊂ TM be a Borel set such that µ(B˜) 6= ν(B˜). Consider
B := p(B˜) ⊂M.
Observing that B˜ ⊂ p−1(B), we have µ(B˜) ≤ µ(p−1(B)). Since supp µ ⊂ ML(c), by the
graphic property,
µ
(
p−1B
)
= µ
(
p−1(B) ∩ML(c)
)
= µ
(
(p
∣∣
ML(c))
−1B
)
= µ
(
B˜ ∩ML(c)
)
≤ µ(B˜).
Therefore µ(B˜) = µ (p−1(B)). Repeating the same argument to the minimizing measure
ν, we have that ν(B˜) = ν (p−1(B)). Then
µ
(
p−1(B)
)
6= ν
(
p−1(B)
)
Let χB :M → R be the characteristic function of the set B. Then∫
TM
χB(x)gx(v, v) dµ =
∫
p−1(B)
gx(v, v) dµ =
∫
p−1(B)∩ML(c)
2α(c) dµ = 2α(c)µ
(
p−1(B)
)
and similarly∫
TM
χB(x)gx(v, v) dν =
∫
p−1(B)
gx(v, v) dν =
∫
p−1(B)∩ML(c)
2α(c) dν = 2α(c)ν
(
p−1(B)
)
Since by Lemma 4, α(c) 6= 0, we can choose a C∞-function u : M → R+, satisfying∫
TM
u(x)gx(v, v) dµ 6=
∫
TM
u(x)gx(v, v) dν.
This implies (8) and completes the proof of the lemma.

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